Abstract Cartilage tissue repair procedures currently under development aim to create a construct in which patient-derived cells are seeded and expanded ex vivo before implantation back into the body. The key challenge is producing physiologically realistic constructs that mimic real tissue structure and function. One option with vast potential is to print strands of material in a 3D structure called a scaffold that imitates the real tissue structure; the strands are composed of gel seeded with cells and so provide a template for cartilaginous tissue growth. The scaffold is placed in the construct and pumped with nutrient-rich culture medium to supply nutrients to the cells and remove waste products, thus promoting tissue growth.
Introduction
The treatment of damage to articulating joints, such as the knee or hip, is a challenge for orthopaedic surgeons world-wide. It is well established that the articular cartilage covering the surface of articulating joints has limited regenerative capacity, and that any lesions are a major cause of pain, swelling, and mechanical impairment. In addition, if left untreated, damage to the articular cartilage may lead to osteoarthritis (OA), causing considerable disability by limiting employment, sport participation, and activities of daily living.
Regenerative medicine has the potential to provide a solution to these conditions. It is a newly emerging area that aims to restore tissue function by applying principles of engineering and life sciences to develop biological substitutes. Patient-derived cells can be expanded, and cartilage formation can be initiated on biodegradable 3-dimensional scaffold conduits [52] . However, cartilage has proved difficult to engineer and despite the significant efforts (≈ 1600 PubMed articles) over the past 15+ years, there are no clinical approaches that are capable of consistently restoring long-term function to damaged articular cartilage. Traditionally, cartilage has been regarded as a relatively simple tissue to engineer as it is not vascularised but recent research has demonstrated that the true picture is more complicated. For example, the majority of approaches to date aim to create a relatively simple homogeneous functional implant and have not addressed the high degree of topographical organisation of cells and extracellular matrix constituents within the native osteochondral environment [27, 43, 54] . A further problem is insufficient nutrient transport to the centre of a construct, resulting in reduced cell proliferation or non-optimal conditions for cartilage matrix production [18, 22, 33] . This in turn leads to inhomogeneous tissue formation, with the bulk of cartilage matrix in the periphery and little in the centre [28] . Therefore a recurrent issue in tissue engineering is that constructs lack the mechanical functionality required for clinical application [21, 29] .
Recent advances in both computational topology design (CTD) and solid free-form fabrication (SFF), or rapid prototyping, provide the opportunity to create more physiologically realistic grafts with controlled architecture [19, 25, 26, 53] . Different cell types can be embedded at predefined locations inside the printed polymers [12] , allowing the creation of artificial tissues and organs [30, 45, 49] . The increased control over the scaffold structure also allows strands to be printed closer together, contributing to the mitigation of nutrient limitation.
While current experimental practice relies to a large extent on trial and error, mathematical modelling is ideally suited to improve the quantitative understanding of nutrient transport and could be a key asset in a better controlled design process of tissue engineered constructs. Prompted by this prospect, recent years have seen a rapid increase in the number of mathematical models aimed at the regeneration of articular cartilage [9, 11, 14, 22, 33, 34] ; overview in [41] . Mathematical modelling in tissue engineering broadly divides into structural and nutrient approaches, and few authors have considered the interaction between the two. Models that incorporate the effect of the microscopic structure have mainly focused on mechanical quantities, such as the fluid shear stress on the cell membrane as a result of medium perfusion [35, 37] , or the local mechanical stresses experienced by individual cells as a result of a global mechanical load applied at the macroscopic tissue level [6] . For regular scaffolds, models have been used to describe the mechanoregulation of tissue differentiation and bone formation, using either full simulation or representative volume and homogenization approaches [1, 7, 39] . [15] includes both perfusion and oxygen transport for a specific structure.
In contrast, most previous transport models consider the tissue construct as a homogeneous, continuum material and use parameters that are either empirical or based on rough analytical estimates. Nutrient availability is determined by the relative importance of two key factors: delivery to the cells (through advective and diffusive transport) and cellular utilization. The most important solutes in this respect are oxygen and glucose. In addition, it is necessary to evaluate the production of waste products such as lactate, in order to prevent accumulation. While cellular utilization is simply the product of the per-cell uptake and cell density, this per cell uptake can vary widely and is subject to a highly complex process of metabolic regulation, governed by the levels of the different metabolites and the cellular envipeer-00554599, version 1 -11 Jan 2011 A c c e p t e d m a n u s c r i p t 3 ronment. Models for metabolic networks are being developed to support fundamental biological research [10] . However, due to lack of available data, most models that couple cellular uptake to transport in cartilage tissue engineering adopt a far simpler, workable, approach by considering only a single solute assumed to be critical [9, 11, 22, 33, 34] , or alternatively, couple glucose, oxygen and lactate using a simple mass balance [42] . On the other hand, in related tissues such as the intervertebral disk, models have been based on actual, empirically measured, coupled relationships [31] . The objective of the present study is to relate microscopic structural and cellular parameters to macroscopic transport and nutrient availability in an organised cartilage construct. This enables the identification of the critical parameters and their interrelationships, thereby informing future cartilage construct design. The asymptotic homogenization technique exploits the regular structure of a scaffold to determine the continuum equations describing fluid, nutrient and waste product transport on the scale of the construct. The homogenization methods provide a rigorous basis for the "bulk averaging" methods that are usually employed to describe these phenomena. Unlike some situations, this rigorous approach does not generate different models from those usually exploited. In fact, the continuum models are those of Darcy flow and advection/diffusion/reaction equations, however the homogenization identifies how the coefficients in these models depend on the micro-scale structure and geometry. To the best of our knowledge, homogenization has not previously been used to characterize 3D construct properties, and so the approach taken here is novel.
Model Setup
For printed tissue engineering, cartilage cells are extracted from the patient and seeded in a hydrogel. This hydrogel-cell combination is then printed into a regular 3-dimensional structure representative of cartilage tissue in the body. This structure is referred to as a scaffold and provides a template for tissue growth. The scaffold is placed in a construct (the scaffold takes up the entire construct domain) and pumped with culture medium to provide the nutrients required for growth, and to eliminate harmful waste products. The direction of this pumping is flexible, and will be considered as part of the modelling process. The expanding cell population remains inside the gel, and so there are no concerns related to the shear stresses exerted by the flowing medium on the cells.
In this paper we consider three typical printed scaffold configurations, as depicted in Figure 1 . The pink regions are the strands containing the cells, and the culture medium flows in the surrounding areas. In each case we assume the strands are cylindrical tubes. The first structure ('overlayed strands') is shown in Figure 1a and is formed from layers of parallel fibres, with the strands in each layer orthogonal to those in the layer below. The same is true of the second structure ('offset strands'); the difference between the two is that in the first the fibres in layer i are placed directly above those in layer i − 2, while in the second case the x-directional fibres are arranged so that those in layer i are placed above the gap in layer i − 2. The third case (the 'waffle structure') is an adaptation of the first, designed to give enhanced structural integrity. In this instance the configuration is formed by removing the gaps beneath each layer in the overlayed-strands lattice.
The typical construct depth is denoted h and is ≈ 2 × 10 −3 m; the typical strand length is denoted a and is ≈ 5 × 10 −3 m, and the typical strand diameter is denoted d and is ≈ 2 × 10 −4 m. The construct is
The strand separation r ≈ d, and on this basis the typical density of strands in a construct is ≈ 31 strands m −3 .
We consider the hydrogel and culture medium regions independently. The hydrogel contains the cells that consume nutrients and produce waste products. We simplify the system by assuming a constant cell density in the strands and so neglect the fact that the cell population should be expanding. This assumption should be lifted in future work. Oxygen and glucose are considered to be representative nutrients, and lactate as a representative waste product; in particular the consumption rates for oxygen and glucose are assumed to be proportional to their concentrations, whereas the production rate of lactate is constant (i.e. not related to the underlying oxygen, glucose or lactate concentrations). The culture medium flows under a pressure gradient applied across the scaffold, transporting oxygen and glucose to the hydrogel and removing lactate. This transport is reasonably assumed to be through a combination of advection (by the medium) and diffusion. Within the hydrogel, there is no culture medium flow and so transport is through diffusion alone. The medium has a constant viscosity μ and so can be modelled as a viscous fluid using the Navier-Stokes equations.
We denote the construct domain by Ω ⊂ R 3 , composed of the hydrogel and medium regions Ωs and Ωm respectively; this is depicted in Figure 2 for clarity. The interface between the two regions is denoted by Γ = ∂Ωs ∩ ∂Ωm. Typical parameter values for the equations that follow are given in Tables 1 and 2 .
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where u = (u, v, w), p, ρ and μ denote the medium velocity, pressure, density and viscosity respectively. The conventional no slip boundary condition (3) is imposed on the medium-scaffold interface. Throughout the whole of Ω, we denote the oxygen, glucose and lactate concentrations by c, g and l respectively.
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The oxygen and glucose transport problems are described by 
cm = cs and gm = gs on Γ, 
Equations (5) The use of linear consumption rates as compared to full Michaelis-Menten kinetics has been tested against experimental data in [22] and recommended for the typical concentration ranges observed in constructs. Finally, the boundary conditions on the medium-scaffold interface are given by equations (7) and (8), and correspond to continuity of concentration and flux. The lactate transport problem is described similarly by
where . This formulation is necessary due to the assumption of a constant production rate for lactate, and to interpret the lactate production data available in the literature. In reality, the production of lactate depends on the amount of oxygen and glucose consumed, and so the transport problems for oxygen, glucose and lactate should be coupled. However, the way in which the nutrients interact is not fully understood for chondrocytes [17, 31] , and therefore we consider only the decoupled system. This will give insight into the nutrient transport problem, even though it does not model the full biological system.
Dimensional Analysis
In this Section we perform dimensional analysis of the system given by (1)- (12) . This determines the dominant transport processes (advection, diffusion or consumption/production) in the radial direction through the strand (lengthscale d), and also down the strand length (lengthscale a). As a consequence, we determine two design criteria that ensure sufficient nutrient is supplied to the cells to meet the demands peer-00554599, version 1 -11 Jan 2011
A c c e p t e d m a n u s c r i p t 7 of consumption, and also to ensure that lactate is removed from the construct before it reaches toxic levels. A summary of the timescales for advection, diffusion and consumption/production in each direction is given in Table 3 , calculated using the values from [32] in Table 2 . There are no clear data on the typical medium flow velocities (a pressure gradient is applied across the construct to generate the fluid flow; however, this gradient is not measured experimentally, and so is unknown here) therefore we scale the fluid velocity u with an unknown U and determine a minimum value for U that ensures lactate removal from the construct. The cells in the hydrogel are not in contact with the culture medium and so there is no shear stress exerted on the cells by the medium flow. As a consequence, we do not calculate a maximum bound on U (the only bound necessary would be to ensure the structural stability of the scaffold).
Oxygen and glucose are consumed by the cells in the hydrogel, and reach these cells from the culture medium by diffusion through the hydrogel. Assuming that sufficient nutrient is supplied in the culture medium, the strand diameter must be small enough to ensure that sufficient oxygen/glucose is supplied to all cells to meet the demands of consumption. Using the results from Oxygen diffusion down strand
Oxygen diffusion radially in strand
Oxygen diffusion in medium in direction of strand length
Oxygen diffusion radially in medium
Oxygen consumption in strand
Glucose diffusion down strand
Glucose diffusion radially in strand
Glucose diffusion in medium in direction of strand length
Glucose diffusion radially in medium
Glucose consumption in strand
Lactate diffusion down strand
Lactate diffusion radially in strand
Lactate diffusion in medium in direction of strand length
Lactate diffusion radially in medium
Lactate production in strand 
and adhering to this maximum value for the strand diameter will ensure that cs and gs never reach zero. Lactate is produced in the strand as a waste product of respiration, and will be toxic to the cells above a critical concentration, l * say. It is crucial that lactate is eliminated from the construct before this critical concentration l * is reached. In [50] , the authors estimate the concentration of lactic acid that would be harmful to the growing cells for a buffered culture medium. It is assumed that growing cells can tolerate a pH change of up to ±0.5, and titration experiments indicated that the harmful concentration of lactic acid in a buffered medium was ≈ 0.4 mol m −3 . Lactic acid is produced from the dissociation of lactate (in equal molar ratios) and so we take l * = 0.4 mol m −3 as an indicative value. We also use l * as a concentration scale to determine
Once the lactate is produced in the strand, it is transported to the culture medium by diffusion. Therefore, the timescale for lactate production in a strand must be longer than that for lactate diffusion in a strand, 1
This gives a second formulation for dmax, determined by
For the parameter values above, this yields
Combining the results for oxygen, glucose and lactate, dmax must satisfy
and this represents the first design criterion for the construct.
Once the lactate has diffused into the culture medium, it must be removed from the construct to eliminate the possibility of it resulting in cell death at later times (e.g. by diffusion back into the strands). As shown in Table 3 , the timescales for lactate production (1/k l φ) and lactate diffusion in the direction of the strand length (a 2 /Dm) are of the same order of magnitude (3 × 10 4 secs and 1.79 × 10 4 secs, respectively). Therefore, we choose the minimum perfusion velocity U min as that which causes the timescale for advection (a/U ) to balance that for lactate production. Then for U > U min , advection will aid lactate removal from the construct. This balancing yields
Based on a typical value a = 5 × 10 −3 m from Table 1 , with φ = 5 × 10
is the minimum velocity required to remove lactate from the construct. As expected, the timescale for advection is then O(10 4 ) secs, i.e. the same order of magnitude as the diffusion and production timescales.
This U min is the second design criterion for the construct.
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Homogenization Analysis for the Culture Medium
The dimensional analysis described in Section 3 determined two design criteria for the tissue engineering construct, based on transport considerations for a single strand. In this Section we extend this by analysing the dependence of the continuum perfusion properties of the multi-strand scaffold on the micro-structure. In particular, this determines which of the three proposed structures in Figure 1 is optimal, and the preferable perfusion direction of the culture medium.
The link between the perfusion properties and micro-structure is determined through asymptotic homogenization, by exploiting the fact that the strand separation (r say) is much smaller than the construct dimensions, so that := r a 1.
The two length scales characterized by r (the micro-scale) and a (the macro-or construct scale) are therefore well separated, so given the flow system on the micro-scale described by (1)- (3), it is possible to use asymptotics to move between the micro-and macro-descriptions and derive the continuum flow equations on the construct scale. The success of this approach depends on the micro-structure being periodic; we denote the periodic domain by V , composed of the strand region Vs and medium region Vm. The details of this homogenization process are included in Appendix A so as not to cloud the purpose of this paper.
The homogenization returns Darcy's law for the effective medium velocity on the construct scale, given in non-dimensional form by u = − Öp, (22) where
Here u denotes the averaged medium velocity. The symbol represents the (non-dimensional) permeability tensor and describes the dependence of u on the micro-scale properties. The components of are given by
where w j i describe the variation in the medium velocity on the micro-scale and are determined through a canonical cell problem (69)-(71) (see Appendix A for further details). The key advantage of this approach is that it is not necessary to prescribe the micro-scale geometry to perform the homogenization, and so it is possible to investigate the impact of geometry on the perfusion properties.
The solid fraction ns of each structure is defined by
This is calculable for each of the three structures in Figure 1 . For the overlayed and offset strand structures (Figures 1a and b) ,
whereas for the waffle structure ( Figure 1c )
While the shape of each structure is defined, there is a degree of freedom available by choosing the separation distance r between the centres of adjacent strands, relative to the strand diameter d. this investigation we will consider values of λ in the physiologically realistic range [0. 1, 5] . For example, if the strand separation is double the strand diameter, r = 2d and λ = 1.
The dimensionless permeability only depends on r and d through the parameter λ, because all lengths on the micro-scale are non-dimensionalised with r. To obtain the dimensional permeability tensor, we take the constitutive law (22) 
where each term is now a dimensional quantity and the permeability is given by
This corresponds to the result that the permeability decreases as the mesh becomes ever finer. The periodic cell problem (69)-(71) was solved for each structure, and for a range of values of λ, using the finite elements package 'COMSOL Multiphysics'
1 . The (dimensionless) permeability tensors were then calculated using the definition (24) . The tensors obtained were all diagonal as the strands are only positioned in the co-ordinate directions, and the components are logarithmically plotted in Figure  3 as a function of the geometric parameter λ.
We note (where the superscript refers to the structure thus defined in Figure 1 )
The results obtained can aid the optimisation of the design of the tissue engineering construct. The aim, with all other factors being equal, is for a higher permeability since the medium velocity will consequently be higher for a given pressure gradient, by (28) , leading to an increased lactate removal rate. This assumes that the increased velocity will not damage the structural integrity of the scaffold. Figure 3 shows that for most values of λ, the permeability for flow in the z-direction (κ 33 ) is greater than the lateral permeability (κ 11 , κ 22 ). This result is reversed if λ 1 in the overlayed or offset strands structure. We also note that, curiously, the permeability of flow in the y-direction through the offset strands structure, κ b 22 , is the largest permeability component in that structure for λ ≈ 5 (although the value of κ b 33 is only slightly lower). Thus, for realistic, namely O(1), values of λ it is optimal to perfuse the medium through each scaffold vertically (i.e. in the z-direction of Figure 1 ). Of course, for the waffle structure this is the only option.
Secondly, we consider which of the three structures is the best choice for the construct. Figure 3 suggests that for each value of λ, the overlayed-strands structure has the greatest vertical permeability, and should thus be favoured. However, λ is not the most physically-relevant parameter here. Rather, the solid fraction ns, which governs the number of cells which may be accommodated in the scaffold, is a more useful measure. Using (26)-(27), a 1-1 relationship between ns and λ may be identified for each structure; this is used to display the vertical permeabilities of each structure as a function of ns in Figure 4 . This graph shows that the waffle structure is clearly the most desirable configuration given that the vertical permeability is higher for each value of ns.
In conclusion, two further design criteria for the construct are to use the waffle structure for the scaffold, and to perfuse the medium through the scaffold vertically.
Homogenization Analysis for Oxygen, Glucose and Lactate Transport
Homogenization can also be applied to the oxygen, glucose and lactate transport problems to determine the dependence of the construct-scale transport properties on the micro-scale. The process returns advection-diffusion-reaction (where reaction incorporates consumption or production) equations for the oxygen, glucose and lactate concentrations, and in particular determines the dependence of the construct-scale advection, diffusion and consumption/production coefficients on the micro-scale transport coefficients and geometry. The detail of the homogenization process is provided in Appendix B.
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The non-dimensional construct-scale transport equations are given by
The superscripts c, g or l identify a coefficient with oxygen, glucose or lactate respectively. Pe G is the construct-scale Péclet number and represents the ratio of diffusive to advective timescales on the construct-scale (e.g. Pe c G = Ua/Dm). Pe G is an O(1) parameter, indicating that diffusion and advection are of equal importance on the construct-scale. The effective advective and diffusion coefficients are denotedũ and ª; for oxygen these are given bỹ (1) . Similarly, lactate is produced in the strands and must be removed from the construct by a combination of diffusion and advection (which occur on the same time scale on the construct-scale). This removal can only be achieved providing the time scale for lactate production (1/k l φ) is not shorter than that for lactate diffusion (a 2 /Dm), therefore Da l G must be no greater than O(1). In summary, Da G must be no greater than O(1) and this provides a maximum bound on the printed cell density φ, given by
This φmax imposes a further design criterion for the scaffold -the maximum printed cell density φ, given chosen values for the rate constants kc, kg and k l .
The advection and diffusion componentsũ and ª may be simplified by exploiting the impact of geometry on the solutions m and s . For oxygen, these are determined through the cell problem
Öx c m 
For a unit cell with three planes of symmetry (as is the case for each of the geometries that we consider), χ 
is odd in x i (and even in the other two coordinates), therefore the integrand of the integral term in the definition ofũ given by (33) is odd in one coordinate. As such, the integral is zero, and for these types of unit cell geometries,ũ = u (0) , and so the average oxygen, glucose and lactate concentrations are all advected by the Darcy velocity (22) . Given the conclusions of Section 4, the waffle structure shown in Figure 1c with vertical perfusion is optimal. Throughout the analysis that follows, we assume that the scaffold structure is the waffle, with κ 
This result extends naturally to the glucose and lactate problems. As such, for the waffle structure the problem simplifies to a one dimensional system, merely depending on z and t (z is the vertical coordinate). If we furthermore assume that a steady state has been reached, the decoupled equations (30)- (32) can be solved analytically.
Solving (22) and (23) determines the velocity u for the given problem. For the waffle structure with vertical perfusion, this velocity only has a non-zero component in the z-direction, given by
where ΔP is the externally applied pressure difference, h is the (dimensionless) height of the construct, and κ (32) can now be solved, in steady-state, to determine the average oxygen, glucose and lactate concentrations as a function of the distance, z, along the construct.
We prescribe boundary conditions on the medium inlet and outlet, z = 0 and z = h respectively. On z = 0, c = c 0 , g = g 0 and l = 0, (43) so that no lactate enters the scaffold through the culture medium. On the outlet z = h, we prescribe no diffusive flux of oxygen, glucose or lactate out of the scaffold, so that
The average oxygen concentration is found to be
where γ ± are given by
The glucose solution takes the same form, replacing parameters with their glucose analogues. The average lactate concentration is given by
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These solutions are plotted in dimensional form in Figure 5 using typical values from Table 1 . To re-dimensionalise the solutions requires the choice of concentration scales for oxygen, glucose and lactate. We use typical inlet concentrations for oxygen and glucose of 0.1 mol m −3 and 11 mol m −3 respectively.
For lactate, we use the critical concentration l * = 0.4 mol m −3 , as discussed previously. We also assume that the construct height is 0.2 cm. As anticipated, the graphs show that c and g are at their maximum at the inlet, and decay monotonically with z as the medium passes through the construct and the nutrients are consumed. Similarly, the lactate concentration is zero at the inlet but builds up in the medium as lactate is produced in the cells. For each of the three species, the concentration variations from the inlet conditions are small. It should also be noted that the lactate concentration always remains lower than the critical value of 0.4 mol m −3 identified earlier.
As described above, oxygen and glucose are depleted over the length of the construct. Cells require a certain concentration of oxygen, c min say, to produce ECM successfully, and therefore the inlet oxygen concentration, c 0 , must be maintained at a high enough level that c > c min throughout the construct. The oxygen concentration is a minimum at the outlet z = h, and so specifying c = c min on z = h in (45) yields
In addition, chondrogenic differentation is limited when c exceeds a maximum value, cmax say. Figure 5a clearly shows that the average oxygen concentration c decreases from a maximum value at the inlet,
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Equation (49) then gives a formulation for the ratio cr = cmax/c min ,
Example values are c min = 5 × 10 −2 mol m −3 and cmax = 0.1 mol m −3 , giving cr = 2, although any desired value of cr could be investigated using (51) . The result (51) shows that it is the prescription of the ratio cr that is crucial in determining the properties of the construct system, rather than particular choices for c min or cmax. It is therefore relevant to test how the ratio cr varies as a function of the experimentally controlled parameters. In particular, the printed cell density φ, and the pressure drop across the scaffold ΔP are chosen by experimentalists as part of the construct design, and (51) gives a formulation for computing viable values for φ and ΔP given a prescribed value of cr. The pressure drop ΔP is re-dimensionalised in the following results using the typical viscous pressure scaling P = μU a/r 2 where r = 2d, μ, d and a are given in Table 1 , and the velocity scale U is chosen to
The ratio cr varies as a function of the cell density φ through the dependence of γ ± on the Dämkohler number, Da Figure 6 shows a plot of the variation in the ratio cr as a function of the printed cell density φ when kc = 1.
and the (dimensional) pressure drop is fixed at ΔP = 1.4 × 10 −3 N m −2 . As the cell density φ increases so does the ratio cr; this is the result of an increased demand of oxygen consumption that requires more oxygen to be supplied at the inlet relative to the outlet. Similarly, the ratio cr also varies as a function of the applied pressure drop ΔP through the dependence of γ ± on the velocity component w . Figure 7 shows a plot of the variation in the ratio cr as a function of ΔP when the printed cell density is fixed at an example value φ = 6 × 10 14 cells m −3 . The ratio cr decreases as the pressure drop increases as this induces a higher flux of medium through the construct, and so the depletion of nutrients is reduced. Further, for a prescribed value of cr (51) now gives a direct relationship between ΔP and φ and so by fixing ΔP based on the analysis of Sections 3-4, the precise value of φ can be determined (rather than just the maximum value determined from condition (35)). For example, the analysis of Sections 3-4 may impose a pressure drop of ΔP = 1.4 × 10 −3 N m −3 across the construct. Equation (51) can then be solved numerically for φ to determine that a precise printed cell density of 3.49 × 10 14 cells m −3 is required to maintain an inlet-to-outlet concentration ratio of cr = 2. This process can be repeated for any desired value of cr.
Conclusions
The analysis presented in Sections 3-5 has provided a number of criteria which may be used to guide the design of the tissue engineering construct. In this Section we will summarise the various results and provide recommendations for optimising the scaffold properties. If we assume that the macroscopic dimensions of the construct -namely the length a of strands and the depth h -are prescribed, the remaining design parameters to be decided are:
1. The cell density φ; 2. The scaffold geometry, including the configuration (as shown in Figure 1 The results from the homogenization analysis for the oxygen, glucose and lactate transport indicate that for given values of kc, kg and k l , there is a maximum bound on the value of φ for sufficient oxygen and glucose supply, and for lactate removal. Specifically, if the local Damköhler number in these expressions must be at least O( 2 ), we obtain (35), which relates the maximum value of φ to the diffusion, consumption and production parameters, and accordingly allows for an optimal choice of cell density. Regarding the scaffold geometry, the results of Section 4 indicate that the most favourable configuration of strands is the waffle structure (Figure 1c ) and that perfusion in the vertical direction is preferable. These conclusions were drawn based on homogenization results shown in Figures 3-4 .
The diameter of the strands forming the gel scaffold is limited by the requirement that glucose and oxygen are able to diffuse throughout the material. Concurrently, lactate must be able to diffuse out of the gel so that the cells are not poisoned. These considerations gave rise to the condition (14) , which describes the maximum value of the strands' diameter, dmax. In comparison, the lower bound for d is peer-00554599, version 1 -11 Jan 2011 A c c e p t e d m a n u s c r i p t only limited by the capabilities of the printing device that creates the strands. Thus a wide range of strand diameters may be permitted by our analysis. However, we must note that the later multiple-scales calculations depended on r/a = 1, and so assuming that d ∼ r, it is also necessary that dmax a for the analysis in this paper to hold.
Next, we determine the optimum values for the perfusion velocity through the construct and the separation of strands. These may be determined simultaneously as follows. The minimum velocity is based on the need to advect lactate out of the construct. As can be seen from Figure 5c , the lactate concentration builds up through the construct to a maximum at the outlet. The velocity needs to be high enough that the outlet concentration does not reach toxic levels. Condition (19) is a simple expression of this requirement; a more accurate representative value may be obtained using expression (47) , determining the velocity for which l remains at a non-toxic level. The latter expression will provide a lower bound for the velocity w as a function of the solid fraction ns, which (given d) is solely dependent on r. In [3] , the authors use mechanical considerations to calculate that the maximum medium velocity that can be tolerated by the scaffold is O(1) m s −1 . One may therefore obtain the optimal perfusion velocity and solid fraction by choosing the maximum value of ns for which w min is smaller than this. Through (27) , which describes the dependence of ns on the strand diameter, d, and separation, r, we then find the optimal strand separation.
Finally it is necessary to maintain both a minimum and maximum value for the oxygen concentration in the construct, so that neither ECM production nor chondrogenic differentiation are hindered. Based on this, the ratio of the inlet-to-outlet oxygen concentrations, cr, is known and given by equation (51) . This provides a method of evaluating the exact printed cell density φ required for a given value of ΔP determined through the perfusion analysis.
We have therefore determined a strategy for designing a tissue engineering construct, using the powerful mathematical technique of homogenization. The bounds on the controllable elements of design that have been derived here should be observed to optimise the growth and function of the cartilage tissue being manufactured. This reduces the "trial and error" aspect of construct design and thus contributes to the long-term aim of tailoring cartilage tissue to an individual patient's needs. m a n u s c r i p t descriptions and derive the effective flow equations on the macro-scale. The analysis that follows for the culture medium flow is not novel (see, for example, [4, 13] ), however it has not been applied to tissue engineering previously and is detailed here for the ease of a new audience.
We consider a periodic cell with dimension r and denote its total volume by V , comprised of the culture medium volume Vm and scaffold volume Vs (V = Vm ∪ Vs). The interface between Vm and Vs is denoted by Σ. The culture medium is a Newtonian fluid described by the Navier-Stokes equations (1)- (2) in Vm subject to the no-slip boundary condition (3) on the interface Σ. We non-dimensionalise equations (1)- (3) on the local lengthscale, with the viscous rescaling
and define the Reynolds number Re = ρU r/μ as the dimensionless parameter representing the ratio of inertial to viscous forces in the medium. The typical velocity scale U is not known experimentally, although the previous calculation (20) suggests that U = O(10 −7 ) m s −1 is a minimum requirement to ensure lactate removal from the construct. We seek the system behaviour on the global lengthscale, and so in anticipation of the nutrient/waste product transport problem the timescale chosen corresponds to global advection. Two considerations motivate the pressure scale; firstly the Reynolds number is small so a scaling that balances pressure and viscous effects is appropriate. Secondly, in the homogenization limit → 0 the medium flow region becomes constricted, so a corresponding decrease in viscosity is required to maintain flow rates; indeed the ratio of permeability to viscosity should be fixed so viscosity should be rescaled with −2 . The appropriate pressure scale is therefore p = −2 μU/r + p 0 , where p 0 is the ambient pressure. Given the parameter values in Table 1 , and assuming the strand separation r = 2d, = 0.08,
The Reynolds number Re is very small, indicating that viscous forces dominate over inertial forces in the fluid. Dropping the primes, the system becomes
Re ∂u ∂t
As 1, the local and global length scales are well-separated. We denote the separate micro-and macroposition vectors by x and X respectively, and relate them through X = x. Under the assumption of scale separation x and X may be treated as independent variables and so we expand the gradient and Laplacian operators through
Justifying the validity of this assumption in the limit as → 0 is one of the main issues in rigorous homogenization theory [5, 38] . We now denote the medium-scaffold boundary by Σ , as it varies on the local length scale. The rescaled equations in Vm become
The boundary condition remains u = 0 on Σ . We perform multiple scales expansions
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A c c e p t e d m a n u s c r i p t where the u (i) and p (i) (i = 0, 1, . . . ) are assumed to be periodic in x. Equating powers of (to avoid singularity in the limit as → 0) in equation (60), we find
and, in equation (61), we find
Finally the boundary condition gives
Firstly note that, from (65), p (0) is a function of the global variable X only and so is constant on the local scale. Hence, p (1) can be thought of as the local adjustment to p (0) . Equations (63)-(67) define a sequence of boundary-value problems in the periodic cell. We firstly solve for u (0) and p (1) using equations (63), (66) and (67). Motivated by the independence of the micro-and macro-variables x and X, we separate u (0) and p (1) into components that are either constant or varying locally, and evaluate the local variation by solving various boundary value problems on the periodic cell. Integrating the resulting expressions for u (0) and p (1) over the periodic domain provides averaged transport equations that describe the velocity and pressure variations on the macro-scale; the dependence on the micro-scale configuration occurs through the reliance of the transport coefficients on the locally varying components of u (0) and p (1) . The averaged transport equations must finally be solved on the global domain so that the dependence of the problem on both length scales has been evaluated. In the case here, this process is facilitated by the fact that the equations (63), (66) and (67) are linear, and the forcing term −Ö X p (0) in equation (66) is dependent on X only. This motivates solutions of the form
where w j (x), P j (x) are unknown functions of the local length variable and account for the local variations in u (0) and p (1) . The index j = 1, 2, 3 identifies the Cartesian components of x (corresponding to unit vectors e j in the j-th direction) and the summation convention is assumed. The term p (1) (X) is constant locally and is included here for completeness, but does not need to be determined unless the O( ) correction u (1) to the velocity profile is required. The variables w j and P j are then determined by substituting (68) into (63), (66), (67) to give the cell problem
with w j and P j periodic in x. This canonical cell problem (69)-(71) could be solved numerically for a prescribed micro-scale configuration, as in Section 4. Once solved, we take averages over the fluid medium domain with respect to x, defined by
where |V | is the total volume of the periodic cell. Defining
A c c e p t e d m a n u s c r i p t 20 we then take averages of the leading-order velocity expression (68) to give Darcy's Law,
Therefore is the (constant) permeability tensor associated with the construct, which behaves as a porous medium. Finally, taking averages of the O( ) divergence equation given in (64) yields
Using the divergence theorem, boundary condition (67) with m = 1 and the periodicity of u (1) on the cell,
Hence,
Equations (74) and (77) combine to give a single equation for the evolution of the fluid pressure on the macro-scale,
This is solved for p (0) in Section 4 for the specific micro-scale geometries identified by Figure 1 , and the associated fluid velocities in the construct are then also fully determined.
Appendix B: Homogenization of Oxygen, Glucose and Lactate Transport
We perform the homogenization process for oxygen transport in detail here, and then state the corresponding results for glucose and lactate as natural extensions. The dimensional equations describing the oxygen transport in the periodic cell are written in conservation form as 
DmÖcm · n = DsÖcs · n on Σ.
We non-dimensionalise these using the scalings (53) 
The dimensionless number D represents the ratio of diffusion coefficients. The local Péclet number for oxygen, Pe 
Öcm · n = DÖcs · n on Σ.
The multiple scales technique is now used and independent local and global position vectors x and X (related through X = x) are introduced. Expanding the gradient and Laplacian operators through (59) gives Pe c G ∂cm ∂t 
cm =cs on Σ ,
Öxcm · n + Ö X cm · n =DÖxcs · n + DÖ X cs · n on Σ .
We expand u in powers of as in (62) 
where the c (i) (i = 0, 1, . . . ) are assumed to be periodic in x, and equate powers of . The leading-order homogenized equation for the average concentration will include the time-derivative term, and this will occur at O( 2 ) from equations (90) 
The only possible solution of this system is that both c 
Öxc
(1)
The solutions for c (1) m and c (1) s are not constant due to the non-homogeneous Neumann boundary condition (102). We exploit the linearity of the system described by (99)- (102) 
